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This manuscript is program documentation for various Monte Carlo models involving multiple correlated variables, skewed 
distributions, kurtotic distributions, or combinations of correlation, skew, and kurtosis. Although information contained in 
this manuscript is believed to be accurate, the documentation is offered without warranty, and users agree to assume all 
responsibilities and consequences from using this documentation.

Introduction

Monte Carlo models are used for a variety of reasons, but especially to develop the probability of outcomes that depend on the 
interaction of several factors. This documentation supports several applications of Monte Carlo. This paper will document 
how samples are created, including basic techniques to sample simple distributions; how multiple correlated series were 
created; and how samples are created that match certain deviations from the commonly used normal distribution.

Generating Uniform Samples

The samples for Monte Carlo simulation are sometimes called pseudo-random numbers because they are not random. The 
samples appear in an order controlled by the process used to generate the samples. In most cases, the identical samples can 
be recreated on demand, if effort is taken to start at the same place in the series. Nevertheless, a random number generator 
produces samples that otherwise behave much like truly random numbers.

One class of random number generators is called a linear congruential generator. The technique involves integer division 
and the resulting remainders. Consider RANDU, a well-known generator made available by IBM in its Scientific Subroutine 
software package. 

In Equation 1, MOD represents the modulo function, which divides a number (in this case, the product of 65,539 and the 
previously generated random number) by another number and returns the remainder as the next random number. Equation 
1 produces a series of integers that are believed to be equally likely to occur, ranging from 1 to 231−1.

The sequence begins by picking a “seed” by assigning a value to I0 in Equation 1 preceding the first generated sample. Pick, for 
example, a seed of 14, 001. Equation 1 generates the following integer results as samples:

Table 1: Samples from IBM Generator RANDU

Trial Integer Sample Real Sample
1 917,611,539 0.427
2 1,210,575,929 0.564
3 1,152,435,371 0.537
4 314,396,161 0.146
5 104,393,219 0.049
6 2,091,761,161 0.974
7 873,609,755 0.407
8 1,448,193,617 0.674
9 826,673,907 0.385

10 516,235,481 0.240
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In most cases, a sample ranging between 0 and 1 is desired. Equation 2 produces samples of real numbers between 0 and 
1, also shown in the third column of Table 1 by dividing that integer remainder by the largest possible integer that could be 
returned.

RANDU produced numbers that in many respects behaved much like truly random numbers. Figure 1 shows a histogram of 
1,000 draws from the RANDU random number generator. While there is some deviation from the uniform spacing expected, 
the deviations are consistent with those that can be expected to occur with finite sample sizes. Resampling with other starting 
seeds also produces results that deviate around the expected results. As will be explained below, these uniform samples can 
be used to create normal samples distributed much like truly random normally distributed values.

FIGURE 1. UNIFORM DISTRIBUTION

RANDU has several problems. As can be seen in the middle column of Table 1, it produced only samples of odd-integer values. 
More critically, it produces samples that were correlated to samples earlier and later in the sequence. RANDU appears to be a 
particularly bad random number generator, but this author uses no single linear congruential generator to produce random 
numbers used for Monte Carlo analysis.

The WICHMANN algorithm1 dramatically improves on a single linear congruential generator by combining the results of 
three linear congruential generator random number generators.

1  Wichmann, B.A., and I.D. Hill, “An Efficient and Portable Pseudo-Random Number Generator, Algorithm AS
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The WICHMANN generator is generally regarded as free from correlation and has a very long cycle before samples repeat. The 
generator is also very fast. It is frequently used in Monte Carlo models developed by this author. 

Microsoft includes a random number in Visual Basic and in other parts of Excel. Microsoft has said it is the WICHMANN 
random number generator, but it did not behave like the WICHMANN.2 This author has experienced bad results from Excel’s 
random number generator returning values well in excess of 1 (if fact, more like 500,000 or higher). This author relies on no 
Microsoft random number generator for anything beyond early prototyping.

The RANMAR3 generator combines a three-lag Fibonacci generator using multiplication with an ordinary linear congruent 
generator with a modulus of 169 (the multiplier in the MOD function, as in Equations 3, 4, and 5). A lagged Fibonacci generator 
is believed to behave quite differently than a linear congruential generator, so the combination enhances the apparent 
randomness of the RANMAR generator. The RANMAR generator is an example of an improved random number generator 
and is sometimes used by the author.

RANECU is another improved random number generator that combines four random threads into a generator. It behaves well 
in statistical tests and has a long period before repeat. It has been used as the generator of choice by CERN for many years and 
is occasionally used by this author.

The Mersenne twister is often regarded as the best random number generator. The algorithm had very good statistical 
properties and a very long period before repeating. This generator is the model of choice for many situations in litigation 
because it consistently performs as well or better than alternatives.

For results subject to dispute ( for example, with analysis conducted for litigation), this author generally repeats the analysis 
using several different random number generators, perhaps including the poorly regarded RANDU generator. It is important 
to know if the choice of random number generator could affect the results. When similar results follow the use of several 
random number generators, it seems unlikely that any results reflect the behavior of a rogue generator.

Generating Normal Samples

Samples from a uniform random number generator are converted to normal samples using different methods. The Box-Muller 
transform requires two uniformly distributed random numbers, which are combined to produce two normally distributed 
random numbers. This general method is the basis for several variations, including the Polar method, Ziggurat algorithm, and 
inverse transform sampling. This author frequently relies on the Polar method.

A second strategy begins by approximating the curve representing the normal distribution function and identifies the z 
value consistent with a particular cumulative probability. One well-tested method was published as Algorithm AS2414 and is 
implemented by the author5. The two algorithms are long polynomials that closely approximate the inverse normal function, 
which takes a cumulative probability as input and returns a z value on the normal curve. The higher-precision PPND16 
appears to match VBA’s NORMINV function well.

The Beasley-Springer-Moro algorithm is also based on hard-coded equations that fit the normal curve well. In particular, 
the Moro algorithm made some changes to the Beasley-Springer algorithm to improve accuracy for outlying statistical 
2  McCullough, B. D., “Microsoft’s Excel’s Not the Wichmann-Hill Random Number Generators,” Computational Statistics and Data Analysis 52 (2008), 
4587–93.

3  Marsaglia, George, Arif Zaman, and Wai Wan Tsang, “Toward a Universal Random Number Generator, Statistics and Probability Letters 8 (1990), 
35–39.

4  Wichura, Michael J., “AS 241: The Percentage Points of the Normal Distribution,” Journal of the Royal Statistical Society, Series C (Applied Statistics) 
37:3 (1988), 477–484.

5  Wichura provided Fortran computer code for two versions of his algorithm named PPND7  and PPND16.
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occurrences (tail events).6 As with the choice of a random number generator, it is sometimes helpful to use more than one 
method to generate normal samples to determine that the results are consistent.

Apply Mean and Standard Deviation

The uniform distribution transformed to normal has a mean equal to 0 and a standard deviation equal to 1. This is called 
the standard normal distribution. Transforming the samples to equal a particular standard deviation is simple because the 
standard normal samples average 0, so multiplying them all by any number still creates a sample with a mean of 0. The 
first step is to multiply a normally distributed sample by the desired standard deviation. Then add the desired mean. A 
standard normal deviate, z, becomes a normally distributed deviate with mean equal to μ and standard deviation equal to σ 
(Equation 7).

FIGURE 2. NORMAL DISTRIBUTION

Generating Bivariate Normal Samples

It is sometimes necessary to produce two random samples that are correlated. The first step is to generate uncorrelated normal 
samples. Equation 8 represents the sampling of one number, which generally starts by generating a uniformly distributed 
random number and using it to produce a normally distributed deviate, z. Then repeat a second time.

The first sample applies Equation 7, repeated below with subscripts. It is not transformed, except to make sure it has the right 
mean and standard deviation.

The second sample is a blend of the two random deviates. The weighting starts as the square of the correlation for one 
weighting and 1 minus the squared correlation for the second weighting. However, it is necessary to take the square root of 
both of these weightings. The result is Equation 10:

6  Glasserman, Paul, Monte Carlo Methods in Financial Engineering, Springer (2000), 67.
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The blended sample within the parenthesis in Equation 10 is a standard normal deviate the matches the desired correlation 
to the first sample. Equation 10 also adjusts the standard normal deviate to match the desired standard deviation and mean.

Figure 3 shows 250 points made of uniformly distributed independent samples. Subject to a small amount of sampling error, 
the points appear more or less consistently over the entire area, with no apparent connection between the values of the X and 
Y coordinates.

FIGURE 3. UNCORRELATED UNIFORM SAMPLES

Figure 4 shows the same points, except that the values for the X and Y coordinates are converted to standard normal. Notice 
that the value of the X coordinate is still not related to the value of the Y coordinate, but there is a strong tendency for points 
nearer the 0 point, with respect to both the X and Y axes.

FIGURE 4. UNCORRELATED NORMAL SAMPLES
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Before proceeding, it is helpful to recall the definition of correlation. Begin with the formula for population variance,7 
Equation 11:

The variance is a measure of noise in the data. The standard deviation, Equation 12, is just the square root of the variance. The 
formula for covariance in Equation 13 is very similar to the variance and seeks to capture the noise introduced by both x and 
y. In fact, it is convenient to see the variance is just a special case of the covariance.

The correlation statistic in Equation 13 is a convenient way to standardize the covariance.

Correlation can range from −1 to 1. Two variables with a correlation of 1 always move up and down together. They do not need 
to move by the same amounts, but the size of the movements would be proportionally equal. Two variables with a correlation 
of −1 always move up and down in opposite directions. They also do not need to move by the same amounts, but again the size 
of the movements would be proportionally equal. Two variables with a correlation of 0 show no tendency to move together, 
in either the same or opposite direction, beyond movements that could be expected to occur randomly.

Correlation is an important measure of dependency between two or more variables. In addition to the convenience of scaling 
between −1 and 1, correlation can be more stable than covariance for investment-related or market-based data. For this 
reason, correlation is frequently used to describe the relationship between variables to be sampled.

Figure 5 shows correlated normally distributed points generated from the points in Figure 4 and correlation equal to 0.66. This 
chart is the result of repeating the above procedure 250 times: generate a pair of uniform deviates, convert them to standard 
normal, adapt to match the right mean and standard deviation, and combine the two deviates to create the second correlated 
sample.

The relationship is not perfect. Perfectly correlated samples (i.e., ρ = 1) appear as a straight line. There is, however, a fairly 
strong tendency of points with a large numeric value for the X axis to also have a large numeric value for the Y axis. Likewise, 
there is a fairly strong tendency for points with a small numeric value for the X axis to have a small numeric value on the 
Y axis. Further, by raising the correlation, the data in Figure 5 would approach a perfectly straight line, and by lowering the 
correlation, the data in Figure 5 would look like the data in Figure 4.

7  Of course, the denominator is generally reduced by 1 when calculating variance of a sample.
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FIGURE 5. CORRELATED NORMAL SAMPLES

Generating Multivariate Normal Samples

It is possible to create formulas similar to Equations 9 and 10 to describe samples of three or more variables. However, there 
is a matrix-based methodology that does the equivalent and can be expanded to an arbitrarily large number of correlated 
normal samples. The example below demonstrates this procedure for sampling three correlated normal variables.

Individual measures of dependency are collected into the correlation matrix, as shown in Table 2. A correlation matrix 
summarizes the dependency between all three variables. The diagonal element is always 1—a sample is always perfectly 
correlated with itself. The correlation matrix is usually shown with the upper right-hand side left blank because it is equal to 
the lower left-hand side of the matrix. In this case, the values are represented because they must be present in the computer 
operations described below.

Table 2: Correlation Matrix

1 2 3
1 1.0 ρ1,2 ρ1,3

2 ρ1,2 1.0 ρ2,3

3 ρ1,3 ρ2,3 1.0

Equation 15 shows how covariance is frequently recovered from correlation inputs:

Of course, Equation 15 just rearranges terms from Equation 14. It demonstrates how the covariance can be determined from 
the correlation and volatilities. This variance–covariance matrix will be represented as Σ in Equations 16 and 17.

Table 3: Variance–Covariance Matrix (Σ)

1 2 3
1 σ12 σ1,2 σ1,3

2 σ1,2 σ22 σ2,3

3 σ1,3 σ2,3 σ32
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FIGURE 6. STANDARD NORMAL

The sample size is large enough that the resulting histogram looks fairly close to the ideal normal distribution with mean 
equal to 0,10 about the right dispersion around that mean, nearly symmetrical outcomes, and no excess kurtosis.11 

Figure 7 is built from the same 1,000 samples and has been shifted by Equation 21 to produce a skew of 0.75 or skewed right. 
This figure also has a mean approximately equal to 0, standard deviation of 1, and no excess kurtosis.12 

FIGURE 7. SKEW .75

Figure 8 shows samples with a skew to the left but holds the mean to 0, the standard deviation to 1, and no excess kurtosis.13

10  For Figures 6, 7, and 8, the mean, standard deviation, skew, and kurtosis differ slightly from the targeted levels, reflecting the error inherent to 
sample rather than a population.

11  The sample mean equals −0.003. The sample standard deviation equals 1.016. The skew is 0.018, and the excess kurtosis is −0.036.

12  The sample mean equals 0.002. The sample standard deviation equals 1.015. The skew is 0.761, and the excess kurtosis is 0.008.

13  The sample mean equals −0.009. The sample standard deviation equals 1.013. The skew is −0.740, and the excess kurtosis is −0.068.
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FIGURE 8. SKEW -.75

These charts were built from standard normal deviates that were shifted systematically to produce the desired results.

FIGURE 9. ADJUSTMENT FOR FIGURE 8

Equation 21 shows the third-order polynomial14 used to produce the curve in Figure 9:15 

14  This is Equation (1) in Fleishman, Allen I., “A Method for Simulating Non-Normal Distributions,” Psychometrika 43:4 (1978), 521–532.

15  The values of the coefficients b and d are equal for the polynomials used for Figure 7 and Figure 8, and the signs are reversed for both coefficients 
a and c.
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Fleishman presented a table of values for various combinations of skew and kurtosis. For example:

Table 7: Selected Fleishman Parameters

Skew Kurtosis B C D
0.75 0.25 1.05917362852414 0.15068875188681 −0.02819626089809
0.75 0.00 1.11251460048528 0.17363001955694 −0.05033444870926
0.75 −0.25 1.20392340617686 0.22758947506748 −0.09549561396576

Fleishman’s table is reproduced in the appendix.

Solving for Fleishman’s Parameters

A more flexible way to generate random deviates is to find the values for the coefficients that match the desired skew and 
kurtosis. The strategy involves first specifying the equations necessary for the polynomial in Equation 21 to match the desired 
mean, standard deviation, skew, and excess kurtosis. Those equations appear in Equations 22 to 25 below:

Equation (22) follows from Fleishman’s Equation (5).

Equation 23 follows from Fleishman’s Equation (11).

Equation 24 follows from Fleishman’s Equation (17).

Equation 25 follows from Fleishman’s Equation (18).

It is necessary to use a Newton–Raphson search to solve for a, b, c, and d. Figure 10 provides an overview of the process when 
searching for a single solution or “root.” In this figure, a value for Y can be calculated, given a particular value of X. Often, there 
is no closed-form mathematical way to calculate the value of X, consistent with a particular Y.16 

16  While it is possible to solve this equation algebraically, it is helpful to demonstrate the process of searching for the solution.
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FIGURE 10. NEWTON-RAPHSON SEARCH

Figure 10 and Table 8 present a search for the X value that sets the equation equal to 100. Begin by making a guess for the value 
of X that might be consistent with Y equal to 100. In this case, the search starts at 7. This value is consistent with a Y value of 
46.8, which is 53.2 below the target. This guess appears in blue on Figure 10 and on Table 8. A new estimate of 10.618 (in red) 
is derived adding the most recent X value to the error divided by the derivative or slope of the function at X = 7. This search 
strategy effectively moves along the tangent line to the desired number, 100, and observes the X value at that point.

Table 8: Newton-Raphson Iterations

X Y Error dX/dY
7.000 46.800 53.200 14.700

10.619 132.245 −32.245 33.829
9.666 102.808 −2.808 28.029
9.566 100.029 −0.029 27.451
9.565 100.000 0.000 27.445

The new guess overshoots 100, but the process is repeated. This time, the search for the next guess travels down the red 
tangent line to 100 and produces a new estimate for X equal to 9.666, which appears in green. The process continues in Table 
8, although the search is not shown on Figure 10.

This kind of search is often quick and not particularly sensitive to getting a good starting guess. The example shown above 
could have started at X = 2 or X = 200 and would have only required a few more repetitions to find the same solution. Other 
times, finding a solution can be more challenging. The example above approaches the solution quickly for starting guesses 
well in excess of X = 1000 and values close to but above 0. However, if the function resembled the shape in Figure 9, it could be 
important to start with a guess close to the right value.

Unfortunately, the search for the Fleishman coefficients is a bit more complicated. The solution involves a system of three 
equations (Equations 23, 24, and 25) and three unknowns (b, c, and d). Equation 22 and the fourth coefficient can be solved 
after the system is solved. The strategy is to expand the Newton–Raphson search to a bigger problem to find the values that 
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allow the polynomial to produced random numbers. The first step is to find the partial derivatives (H) of the three equations 
with respect to the three coefficients.17 

These nine partial derivatives form a Jacobian matrix (Table 9). The inverse of this matrix multiplied by the vector G provides 
adjustments to b, c, and d. The procedure closely resembles the search shown in Figure 10 and Table 8: pick initial guesses 
for b, c, and d (represented as vector F); evaluate the three Fleishman equations 23, 24, and 25 (vector G) and the partial 
derivatives in Equation 26 through Equation 34(matrix H); find the inverse of H; generate new coefficients using Equation 35; 
repeat until the values G(1), G(2), and G(3) are close to 0.

Table 9

Vector of Fleishman 
Coefficients

Jacobian Matrix of 
Fleishman Partial Derivatives

Vector of 
Equations 

F(1)=b H(1,1) H(1,1) H(1,1) G(1)
F(2)=c H(2,1) H(2,1) H(2,1) G(2)
F(3)=d H(3,1) H(3,1) H(3,1) G(3)

17  Demirtas, Hakan, and Donald Hedeker, Multiple Imputation Under Power Polynomials, University of Illinois at Chicago, School of Public Health, 
Division of Epidemiology and Biostatistics, Technical Report 2007-001.
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Some users have reported trouble calculating the inverse of the Jacobian matrix. This author instead calculates the pseudo-
inverse of H, a way of approximating the values that consistently permits the search for the Fleishman coefficients to converge 
successfully. This method relies on the singular value decomposition.18, 19  

Generating Skewed and Kurtotic Multivariate Normal Samples

This manuscript has described how to generate multivariate normal distributions and then how to generate univariate non-
normal distributions. The problem is that when working with two distributions, such as shown in Figure 7 (skewed right) 
and Figure 8 (skewed left), the procedure introduced above produces correlation between the created samples that does 
not match the desired correlation. The correlation doesn’t match because the differences in the shapes of the distributions 
affect the correlation. Generally, the resulting correlation is lower than the correlation desired. The solution is to find an 
intermediate correlation that, when applied after being disturbed by differences in the shapes of the distributions, produces 
the desired outcome. The method employed was presented by Vale.20  

The task is to pick some intermediate correlation, ρx1x2, that will produce the desired correlation, ry1y2, consistent with the 
shapes implied by the Fleishman parameters b1, c1, and d1 plus b2, c2, and d2. It is necessary to search for the proper intermediate 
correlation, ρx1x2.

To aid the search, first subtract the left-hand term from both sides of Equation 36. Find the root by finding the value of ρx1x2 
that sets Equation 37 to 0.

Begin by guessing the intermediate correlation. If the intermediate correlation is not consistent with the desired correlation, 
Equation 37 will not equal 0, the result provides a measure of the error. It is helpful to have the derivative of Equation 36. See 
Equation 38:

Successive guesses of ρx1x2 are made using the search routine in Equation 39.

Of course, it is necessary to find intermediate correlations for all correlations in the correlation table. These calculations can 
be done one at a time.

Follow the procedure described above for generating multivariate normal distributions, but substitute the intermediate 
correlations into columns D, E, and F on Table 4 before building the variance–covariance matrix. Then apply the Cholesky 
decomposition as above and generate samples as above.

18  Demirtas and Hedeker (2001).

19  Press, William H., Brian P. Flannery, Saul A. Teukolsky, and William T. Vetterling, Numerical Recipes (1989), 52–64.

20  Vale, C. David, and Vincent A. Maurelli, “Simulation Multivariate Nonnormal Distributions,” Psychometrika 48:3 (September 1983), 465–471.
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Conclusions

Monte Carlo simulation provides a way to generate probabilities consistent with a set of assumptions. These probabilities 
can be used in a variety of analyses. This manuscript provides documentation on how simple random number generators can 
produce many types of distributions for a single variable or a number of normal variables that, in combination, are correlated 
with other normal variables

Fleishman power functions provide a robust way to produce many combinations of skew and excess kurtosis. These 
polynomials are quick and can be easily adapted to Monte Carlo simulations requiring a single variable that can be calibrated 
to a wide range of distributional shapes.

Univariate Fleishman distributions can be combined, using techniques published by Vale, to produce multivariate random 
deviates that exhibit skew, excess kurtosis, or both and are appropriately correlated to all other variables in the group being 
studied. 



IMPLEMENTING A MONTE CARLO SIMULATION

WHITE PAPER BERKELEY RESEARCH GROUP

17

Appendix Table of Fleishmann Coefficients21

Skew Kurtosis B C D
1.75 3.75 0.92966052480111 0.39949667453766 -0.03646699281275
1.50 3.75 0.86588620352314 0.22102762101262 0.02722069915809
1.50 3.50 0.88690855456083 0.23272187792846 0.01875401444244
1.50 3.25 0.91023877496903 0.24780864411835 0.00869952997029
1.50 3.00 0.93620992090360 0.26831868322542 -0.00368190099903
1.50 2.75 0.96443741224458 0.29801621191230 -0.01963521430303
1.50 2.50 0.99209856718681 0.34526935903177 -0.04181526211241
1.25 3.75 0.81888156132542 0.16064255561731 0.04916517172492
1.25 3.50 0.83412669039047 0.16546665419634 0.04385221308384
1.25 3.25 0.85174062710067 0.11101073621620 0.03603066692496
1.25 3.00 0.87016387686005 0.17749222801992 0.03157509494526
1.25 2.15 0.89031839050274 0.18523508271608 0.02430113561023
1.25 2.50 0.91264314105424 0.19474622768576 0.01596248199126
1.25 2.25 0.93774043576005 0.20686671501473 0.00613024990315
1.25 2.00 0.96640616806420 0.22308876841471 -0.00556255218100
1.25 1.75 0.99949784644724 0.24624842887675 -0.02117724376041
1.25 1.50 1.03732391122554 0.28227102596714 -0.04209052633812
1.00 3.75 0.18942074416451 0.11942383662867 0.06153961924505
1.00 3.50 0.60290583316385 0.12210992461489 0.05133551785611
1.00 3.25 0.81713276543078 0.12508112045759 0.05284904949443
1.00 3.00 0.83221632289426 0.12839670935047 0.04803205907079
1.00 2.15 0.84830145553715 0.13213547065430 0.04282253816015
1.00 2.50 0.86557488958119 0.13640488393449 0.03713875125893
1.00 2.25 0.88112827711814 0.14135625914686 0.03086993391983
1.00 2.00 0.90475830311225 0.14721081863342 0.02386092280190
1.00 1.75 0.92746633976156 0.15430725098288 0.01588548300086
1.00 1.50 0.95307689170618 0.15319421526410 0.00559736974453
1.00 1.25 0.98258511915167 0.17482469452982 -0.00456507744552
1.00 1.00 1.01748518639311 0.19099508385633 -0.01857699796908
1.00 0.75 1.05993380621160 0.21543408088777 -0.03728846051332
1.00 0.50 1.11465523356736 0.25852489125964 -0.06601339414569
0.75 3.75 0.76995202064185 0.08563059561704 0.06934855449019
0.75 3.50 0.78211273051806 0.08725259129721 0.06568498605230
0.75 3.25 0.79495262685351 0.08901550782281 0.06182200554149
0.75 3.00 0.80836339881256 0.09094289213403 0.05173230155921
0.75 2.75 0.82249224466377 0.09306441724945 0.05338234697166
0.75 2.50 0.83744678260912 0.09541813650752 0.04813027147556
0.75 2.25 0.85336207930094 0.09805385102577 0.04372288092319

21  Table from Fleishman (1978). Please check carefully for scanographical errors before using.
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Skew Kurtosis B C D
0.75 2.00 0.81041098768531 0.10103830525054 0.03829112262516
0.75 1.75 0.88881983563405 0.10446351079607 0.03234306422362
0.75 1.50 0.90889310938952 0.10846068760906 0.02515256208705
0.75 1.25 0.93105392309623 0.11322488108196 0.01834005494983
0.75 1.00 0.95591351125244 0.11906128313604 0.00983810049833
0.75 0.75 0.93439732894675 0.12647935041464 -0.00017432979206
0.75 0.50 1.01798354640471 0.13640251351290 -0.01241224193515
0.75 0.25 1.05917362852414 0.15068875188681 -0.02819626089809
0.75 0.00 1.11251460048528 0.17363001955694 -0.05033444870926
0.75 -0.25 1.20392340617686 0.22758947506748 -0.09549561396576
0.50 3.75 0.75739984777977 0.05552444121576 0.07425915142054
0.50 3.50 0.76890587541111 0.05647215540722 0.07088671148643
0.50 3.25 0.78088173005011 0.05749287097856 0.06735271683459
0.50 3.00 0.79338100476375 0.05859728796468 0.06363759352000
0.50 2.75 0.80646754404870 0.05979852101132 0.05971815189213
0.50 2.50 0.82021829990300 0.06111289719250 0.05556617644015
0.50 2.25 0.83472726718530 0.06256098771565 0.05114694309845
0.50 2.00 0.85011102914029 0.06416925946524 0.04641702467833
0.50 1.75 0.86651617519629 0.06597243296920 0.04132108400060
0.50 1.50 0.88413424213468 0.06801719309367 0.03518103942948
0.50 1.25 0.90321412393338 0.07036816659914 0.02971850575191
0.50 1.00 0.92409163318404 0.07311802793159 0.02298245181387
0.50 0.75 0.94726632241948 0.07640557409735 0.01538797196546
0.50 0.50 0.97343106918044 0.08045036185716 0.00664738328997
0.50 0.25 1.00370252335312 0.06562503291528 -0.00370088000554
0.50 0.00 1.03994603972583 0.09262357408250 -0.01646085654705
0.50 -0.25 1.08559667905205 0.10290996902235 -0.03319706659066
0.50 -0.50 1.14784905722603 0.12015606910630 -0.05750353451604
0.25 3.75 0.75031534111078 0.02134119591945 0.01699282409939
0.25 3.50 0.76144830727079 0.02779212551548 0.01376851545917
0.25 3.25 0.71300329583485 0.02825487458003 0.07040005844916
0.25 3.00 0.78504099113665 0.02876378799438 0.06687116600052
0.25 2.75 0.79760024256974 0.02931412174281 0.06316282101933
0.25 2.50 0.81075018336126 0.02991231084290 0.05925218604949
0.25 2.25 0.82456809216114 0.03056633874422 0.05511158940232
0.25 2.00 0.83914834011794 0.03128626308511 0.05010703595619
0.25 1.75 0.85460794420601 0.03208497913365 0.04599609338072
0.25 1.50 0.87109461567493 0.03297936179585 0.04092481046466
0.25 1.25 0.88879874777889 0.03399203130579 0.03542308246001
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Skew Kurtosis B C D
0.25 1.00 0.90797193683084 0.03515419180007 0.02939742137986
0.25 0.75 0.92895681403887 0.03651041219964 0.02271917644022
0.25 0.50 0.95223158733324 0.03812714595039 0.01520430356261
0.25 0.25 0.97853113001303 0.04010900957596 0.00657629354591
0.25 0.00 1.00896426283423 0.04263274479965 -0.00360752773660
0.25 -0.25 1.04545395821482 0.04602657996297 -0.01611868374910
0.25 -0.50 1.09162984652106 0.05098546424880 -0.03246963121043
0.25 -0.75 1.15546858231190 0.05928145029513 -0.05617881116691
0.25 -1.00 1.26341280092180 0.07746243900117 -0.10003604502301
0.00 3.75 0.74802080799221 0.00000000000000 0.07787271610181
0.00 3.50 0.75903729021108 0.00000000000000 0.01469419122136
0.00 3.25 0.77046795694613 0.00000000000000 0.07131653241549
0.00 3.00 0.78235622045349 0.00000000000000 0.06790455640586
0.00 2.75 0.19475308530191 0.00000000000000 0.06426034643391
0.00 2.50 0.80711901418132 0.00000000000000 0.06042291280525
0.00 2.25 0.62132681354181 0.00000000000000 0.05535538554628
0.00 2.00 0.83566451198565 0.00000000000000 0.05205739701455
0.00 1.75 0.85084120886649 0.00000000000000 0.04745952834774
0.00 1.50 0.85699326941512 0.00000000000000 0.04252248423852
0.00 1.25 0.88429545439108 0.00000000000000 0.03718274611280
0.00 1.00 0.90297659629926 0.00000000000000 0.03135645239664
0.00 0.15 0.92334504635701 0.00000000000000 0.02492958648521
0.00 0.50 0.94563093702434 0.00000000000000 0.01774144564586
0.00 0.25 0.91105090002418 0.00000000000000 0.00955505501423
0.50 3.75 0.75739984777917 0.05552444121576 0.07425915142054
0.00 0.00 1.00000000000000 0.00000000000000 0.00000000000000
0.00 -0.25 1.03424763182041 0.00000000000000 -0.01154929007313
0.00 -0.50 1.07613274256343 0.00000000000000 -0.02626832123859
0.00 -0.75 1.13362194989244 0.00000000000000 -0.04673170311060
0.00 -1.00 1.22100956933052 0.00000000000000 -0.08015837236135
-0.25 3.75 0.75031534111078 -0.02734119591845 0.07699282409939




